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Physico-mathematical modeling of crossflow filtration
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Abstract

A phenomenological model that allows the correlation of pressure fields, filtration rate and cake thickness in the process that results from
the axial flow of a suspension in a duct that is provided with a porous wall is presented. The model is based in the motion and the continuity
equations for the phases and incorporates the following constitutive information:

e Rheological properties of the suspension and of the fluid that makes up this suspension.

¢ Rheological properties of the cake including the effects of the compressibility and the relation between the shear stress of mobilization and
the normal stress associated to the Coulomb criterion in the stabilization of the thickness of the cake.

e Properties of the filter medium.

The experiments performed with an aqueous suspension of calcium carbonate (average particle diameter in the quderadifins
the common knowledge that the properties of the cake depend on the mode of filtration, making it of capital importance to perform specific
assays for each case that is studied.
© 2005 Published by Elsevier B.V.
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1. Introduction Inthis situation, the properties and the thickness of the deposit
that is formed allow for the control of the damaging invasion
Crossflow filtration results from the axial flow of a suspen- of the drilling fluid in the petroleum formatiof2].
sion through a duct which walls are made of filter material, =~ This work is restricted to the study of the crossflow fil-
leading to the formation of a deposit on the filter surface and tration that results from the axial flow of a suspension in a
the production of a filtrate that percolates through it. Char- hose that was built with the filter medium used in industrial
acteristically, the flow of filtrates drops with time, and may filtration. The modeling is made based on the continuity and
stabilize, in alonger operation, as a consequence of the actiormotion equations for the phases, and has as its objective to
of the mechanisms that limit the growth of the cake. establish the relation between the pressure fields, the flow of
Crossflow filtration is used in the industry for the clarifi- filtrate, and the thickness of the cake along the prof#ss
cation of effluents and in the concentration of suspensions inThe model considers the period of cake growing, with the
a wide range of applications that employ the technology of attendant reduction in the rate of filtration, and the stage in
membrane$l]. which the thickness of the cake and the flow of filtrate may
The operation of drilling and preparation of inclined oil  stabilize in a longer operation, in which the filter works as a
wells involves essentially the same phenomena that prevail inthickener.
the crossflow filtration with micro-membranes. It is the axial The constitutive information aggregated to the proposed
flow of a non-Newtonian suspension in the annular space model are to be established, whenever it is possible, in assays
between acylinder in rotation and the formation of petroleum. that do not use the results from crossflow filtration itself:
rheometry for the survey of the properties of the suspension
* Corresponding author. Tel.: +55 21 2562 8345; fax: +55 21 2562 8300, and of the fluid that makes up this suspension, dead-end fil-
E-mail addressgmassa@peg.coppe.ufrj.br (G. Massarani). tration for the characterization of the cake and of the filter
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cake medium W = Ttv om = epF + (1 — &) ps (4)
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D, = , A= 5
Hef e D, (5)

'P///’////{//’%/MM” > Itis important to highlight that these results do not depend on

4 L/Jq(—z”,fj the flow regime and that the effective viscosity; is calcu-

i _— lated from the rheology of the suspenfion, with the knowledge
of the characteristic rate of distensian

2.2. Filtration with cake formation

pump

The initial step of crossflow filtration is characterized by
the growth of the cake that is formed next to the filter medium,
with the attendant reduction in the rate of filtration. These
medium, assay for establishing the relation between the nor-Parameters vary with the position, as the pressure drop in the
mal and shear stresses of mobilization for the cake (direct filtration
shear test). This last assay is associated to the criterion of Ap)e —

Coulomb for the stabilization of the cake. (Ap) = p(z) = pa

Taking into consideration the probable differences
between the mechanisms of formation of the cake in the y,q fiyration performed in the circuit that is sketchedig. 1
modes of.flltratlon, it is recommendgd that the cake pe a!so the concentration of the suspensioyis kept constant during
_c;halrfacterlzed by means of assays in the crossflow filtration, stage of cake growth.
itself.

Fig. 1. Rig flow diagram.

reduces along the filter tube, asitis indicated by(ElyBeing

The equations of conservation of mass for the phases and
of the motion of the fluid, in the form of the Darcy equation,

i , ) lead to the equation for crossflow filtration over a cylindrical
2. Physico-mathematical modeling surface(5,6]:

The modeling of the crossflow filtration that is proposed
in this paper corresponds to the situation which scheme is df  up
showed inFig. 1, in which the filtrate is weighed and dis- dv ~ (Ap)
carded, and the suspension is returned to the feeding tank.
During the stage of cake formation, the concentration of ) ] ) ) ) )
solids is kept constant; the beginning of the thickening of wheret. is the time of f||trat|on and is the volume of filtrate
the suspension signals the start of the process of stabilizatiodP€" Unit area of filtration,
of the cake. 1 dv

v= Zﬂrt(ZTz

r
[ 2 2chrxv}l/2
rf — SR

€sPs

QAEsPsI't In + Rm (6)

(7
2.1. Flow of the suspension in the duct with porous wall
_ _ . Being the crossflow filtration performed with a suspension
The pressure field that is established by the flow of the sus- 5t is comprised by particles within a distribution of size,
pension through the tube may be uncoupled from the processne deposit of these particles is selective along the process
of filtration when the permeability of the porous wall (filter  {nat combines axial flow and percolation through the fil-
medium + cake) is reduced. This situation widely prevails in g, medium[3,7]. In other words, the resistivity and the

the crossflow filtration. volumetric fraction of the solidss, averages in each cross-
~ The relation between the pressure drop and the flow ratesection of the filter, vary not only with the filtration pressure
in the axial flow is given by the following formulg]: at the location, but also with the structure of the cake that is
deposited.
A 2
_Tp = L;,\gpm (1) Being the cake compressible, the resistivityand the
t

volumetric fraction of the solidss depend on the filtration
pressureRy, is the resistance of the filter medium.

The result given by Eq5) may be extended for the case in
which the liquid that percolates through the cake and the filter
f=f <e, ReM) . Reym = DiVmpom 3) medium is non-Newtonian. The effective viscosity may be
Dy Met calculated from the rheology of the liquid with the knowledge

po—pQ) _ z

2
po— pL L @
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of the characteristic rate of distensian, [8]: during the Darcyan flovig],
F
son LS m = % 17)
Mef = P A= T 8)
) B . In summary, the growth in thickness of the cake in crossflow
wherek is the permeability of the porous medium. filtration, and the attendant reduction in the rate of filtra-
The thickness of the cake and the tqtal volume of filtrate tion, leads to the breaking of the Coulomb equilibrium by the
may be calculated through the expressions: reduction ofDs, increase in the shear stress and reduction in
5 1/2 the normal stress that act on the surface of the cake.
2 criv(z, t)
Uz, 1) =r — [rt — 80} 9)
s 2.4. Simplified theory for the crossflow filtration
L
V(t) = =D, /0 vz, 1) dz (10) In the following analysis, it is considered that the average
properties of the cake are a function only of the pressure of
2 3. Stabilization of the flow of filtration filtration, and that the percolating fluid is Newtonian. The

integration of Eq(6) leads to the results
The direct shear test, widely used in soil mechanics, allows

the correlation, for a bulk material, of the shear stress of f= MF - i b . .
mobilizationt and the normal stress The following linear (Ap)s SIS tn_lZn(n + 1) me
form results for the so-called “Coulomb materia]S]: 5 -
COFT't
b = —, A = s = A = s
ot C (11) eope” (AP =010 @ =a [(Ap)] = ¢2()
In this equationy andC are, respectively, the friction coef- es = ¢s | (Ap)i] = ¢3(z) (18)

ficient and the cohesion, parameters that also depend on the
history of preparation of the sample.
it ; TSR 2cr(z, 1) ]Y?
The stabilization of the cake in crossflow filtration is asso- ¢(; ) = r, — [rtz _ ez, } )
ciated to the breaking of the Coulomb equilibrium in the £sPs
surface of the cake that is in contact with the suspension

L
[7,10] V() = 7D, / v(z, 1) dz (10)
0
7 >no;+C (12)
The next step is related to the estimate of the flow rate of

Considering that only the fluid-dynamic forces are acting on filtration when the operation reaches steady state. The cake
the systenj11], the shearing and normal stresses on the sur- that results from the crossflow filtration probably has prop-

face of the cake are expressed in the form of: erties that are distinct from the sample that was prepared for
2 the performance of the shear tg&2]. It is important to high-
Dy ( dp 2fom Q i it i iati
= — (-0t ) = 74A (13) light that itis not evident the association of the paraméter
4 dz 72 Df an average diameter of the particle, in the calculation of the

normal stress that acts on the surface of the cake(189.1t
WEd (dv L dv . . . .
o; = () =7 <> (14) results from these considerations that it seems more signif
ki \dt /; dr /, icant to estimate the rheological parameters of the cake by
means of assays performed in the crossflow filtration itself.
The stabilization of the thickness of the cake does not to
take place simultaneously in all points of the system. With the
Di=D;,—2¢ (15) objective of making the derivation even simpler, itis proposed
that the development of the volume of filtrate with the time
ands is the thickness associated to the average diameter of theyf filtration be estimated based on the “method of the two

particles Dp. The permeability; is related to the resistivity  asymptotes” of Churchill13], by the heuristic combination
and to the volumetric fraction of solids in the surface of the of the results during the transient and stationary periods

cake

—n dv n 1-—1/n
= w 5= = (F) 9

PsES %0

whereDs is the free diameter of the tube for the axial flow of
the suspension

Eq.(14)results from the resistive force (per unitvolume ofthe In this last equationn is a parameter of adjustment to the
particulate system) that the fluid exerts on the porous matrix experimental data, which by inspection seems to assume a
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value thatis close to 2t/{/); may be calculated from equation  Table 2
Experiments on crossflow filtration

t t
(—) = (20) Run po(atm) Qa (/min) co(ww) po—p. Timeofa
V72 Dy [y vz 1) dz (kPa) cycle (min)
recovering the functiom(z, t) of Eq. (18). ; 22 g;; 8'813 gégz 18
The flow rate of filtration vyher_w the process reaches steady , 18 28.4 0.022 0.273 10
state, (d//dt).,, and the equilibrium thicknesgé,, may be 4 16 20.9 0.017 0.150 10
estimated solving the system of equations 5 1.7 24.9 0.018 0.205 10
6 3.2 50.3 0.033 1.10 60
D=2 ( Ap\ " (dV c 7 22 35.2 0.033 0.412 60
4 L) A\ dr +6 8 20 32.9 0.042 0.363 60
o 9 2.0 11.6 0.030 0.043 60
10 2.0 30.5 0.045 0.110 120
2l $1(Ap) 11 15 9.1 0.032 0.011 120
Loo exp £27 ,
2 (c(iTv ) 12 2.0 18.7 0.023 0.041 120
t
o0 D;=3cm;L=88cm (runs 1-9), =31 cm (runs 10-12).
2L 2R
21 = - (21)

test indicated that the cake has an internal friction angle of
the order of 40, as well as nil cohesion.

The experiments consisted in the direct measurement of
the development of the volume of filtrate as a function of the
ttime of filtration, operating the filter with a controlled feed
pressurep?. The feed flow rat&, and the concentration of
solids in the suspensidd were maintained almost constant
3. Experiments and results along the cycle of each experiment. The beginning of the

counting of the time, the initial time, was made in an arbitrary

The experiments had the objective of characterizing the way, When_ the filtrate preser_lted itse_lf clear, Whi(_:h indicated
properties of the cake that resulted from the crossflow filtra- the formation of some deposit of particles on the filter surface,
tion and the comparison of the results with those obtained in & depositwhichwas macroscopically takeninto consideration
easier conditions: in dead-end filtration and using the direct @ & New value for the resistankgy, that also included the
shear test. cake that was deposited initiallRy+ is to be calculated for

The experiments were performed in the system that is 88Ch experimental cycle.
sketched irFig. 1, with aqueous suspensions of pharmaceuti- Table 2cor_1ta|n_s the specifications relat_ed to the 12 runs
cal calcium carbonate (Herzog), in a range of concentrations©f cros_sflow filtration that were performed in the Laboratpry
between 2 and 5% (w/w). The filter hose, with 3 cm in diam- of Particulate Systems at.COPPE/_UFRJ. I.t is seen that. in all
eter and in the lengths of 31 and 88 cm, was built in polyester @S€s the pressure drop in the axial flow is small relative to
fabric that is used as filter medium in industrial processes. the feed pressure in the filter, indicating that the filtration

The physical properties of the system that was studied Pressure along the filter may be considered constant,
are gathered iffable 1 The suspension of calcium carbon-
ate exhibited a Newtonian behavior. Assays performed with
dead-end filtration showed that the cake that was formed mayFig. 2 shows four typical runs that confirm the common
be considered as being incompressible, and the direct sheaknowledge that, for a same volume of filtrate, the rate of

=T =T
PsUESILE D, psaes

Eq. (21) is the result of the integration of Darcy equation
for the flow of a fluid in concentric cylindrical shells: the
filter medium and the cake considered as having a constan
thickness{ .

(Ap)f = P0 = Patm

Table 1

Characterization of the system

Property Results Experimental

Particle size distribution of the D(v,0.1) = 0.1um, D(v, 0.5) = Malvern mastersizer
CaCGQ; used in suspension 0.30pm, D(v, 0.9) = 7.16 .m, D[3,
(ps=2.91 glcrd) 2]=0.24pm, D[4, 3]=1.79um

Rheology of the suspension Viscosity of water Capillary viscometer
concentration up to 5% (w/w)

Resistance of the filter medium Rm=(2.1+£0.84)x 10°cm1 (10 Dead-end filtration
(polyester) experiments)

Porosity and resistivity of the cake 0.254&1); <3 atm,e =0.74+0.05 (59 Dead-end filtration

experiments),
a=(1.35+£0.27)x 10'*°cm/g (10 runs)
Rheology of the cake;=0.62, t=0.8% +0 (3 points) Shear box test (Ronald Top)
o<8.5kPa
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Fig. 2. Experimental measurements on crossflow filtration.

Table 3
Crossflow filtration: results
Property Dead-end filtration and shear box test Crossflow filtration

Porosity and resistivity of  0.25< (Ap);<3atm,e=0.74,0=1.35x 101%cm/g  0.5<(Ap) <2atm,s=0.65, o = (2.6£0.26)x 109 cm/d® (runs 1-5)
the cake

Rheology of the cake £=0.62,1=0.8% (0 <85kPa) £=0.65,1=2.67x 103% (CGS unitsy, §=0.11pum (Fig. 3 runs 6-12)
. ) 3.
@ The porosity of the cake was evaluated from Kozeny—Carman equ%ﬁ;aﬁ: (j—f) i_j; .
® The resistivity of the cake was calculated from B20): 4 = £fE~ [ + Rm].

¢ The mobility shear stress and the normal stress were calculated frorlBj& = 2), (20), (21) and(14).

ORI

vV V), dr /o - (dv)
— -

(i) _MF [a,or:cV R*} ™A\ dt ) o

14 t_ A(Ap) 24, m

D 21(A
loo=—{ 1—exp M—Qz - Lo

2 av
().

D; — 2o Ap D) .
4 (_T) =" \a )"
filtration increases with the increase in the filtration dropand ~ The comparison between the results of the characteriza-
with the reduction in the concentration of solids in the suspen- tion of the cake obtained from the dead-end filtration, direct
sion. The representation of the resulté/gsagains¥ is very shear test and crossflow filtration is donélable 3(Fig. 3).
usual in the analysis of dead-end filtration under a constantlt is important to highlight that the resistivity of the cake
pressure drop. The linear dependence between these variablezbtained in the crossflow filtration is larger than that which
shows the plane filtration and the deviations indicate, in the is reached with the dead-end filtration, as it is pointed by
increasing direction ofV, that the process gradually moves Mikulasek et al[14], even though the reverse situation seems
towards stabilization. more common12].

4. Conclusions

100

80 | t=2.87x 10°dvidy) . It is presented a phenomenological model that allows the
_ §=0.11 um (Eq.14) correlation of the pressure field, rate of filtration and thickness
E 607 of the cake in the process that results from the axial flow of a
< 1 suspensioninaduct provided with a porous wall: E&)5(6),
2 (9) and (10)and the restrictive condition to the growth of the

201 thickness of the cak@ 2). The model is based in the motion

0 ‘ and continuity equations for the phases, and incorporates the

0E+00 1E-02 2E-02 3E-02 following constitutive information:

(dv/dt) (cm/s) ) ) ) )
e Rheological properties of the suspension and of the fluid

Fig. 3. Permeate velocity vs. shear stress. that makes up this suspension.
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e Rheological properties of the cake including the com- Conselho Nacional de Desenvolvimento Ciéod e Tec-
pressibility data and the relation between the shear stressnologico do Brasil (CNPq), grant #300113/92.7.
of mobilization and the normal stress associated to the
Coulomb criterion in the stabilization of the thickness of
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